Lecture 20 



Review: x = [ao, ai, . . . ], xq = a;, Oq = Xq, write x — a^A — ^ cii = — , 

at any point Xn = [an, a„+i, . . .], x = xq = [ao, ai, . . . a„_i, a;„], convergents 
1^ = [ao, ai, . . . a„]. a; is rational if and only if continued fraction is finite 
(terminates), and is quadratic irrational (ie., satisfies some quadratic equation) 
if and only if continued fraction is periodic. 

Continuing proof (from last lecture). Proving that if a; is a quadratic irrational, 
then continued fraction is periodic 



Step 0: 

a + Vb Bo + Vd 

X = ^ — 

c Co 

with Bo, Co, d integers, d> Q, C\d - Bq 

Step 1: Defined Bi, Ci by induction. a;o = a;, a, = [a;,J, Xi = ^'+^ defines 

Bi,Ci xmiquely. Xi+i = Bi+i = aiCi - Bi, d+i = with 

B,,C,gQ. 

Strategy: show all Bi, Ci are integers, then show are bounded, therefore repeat. 

Step 2: By induction show Bi, d are integers and that Ci\d — Bf. For i — it's 
obvious, as Bo, C'o e Z, Cojd — Bq by step 0. Easy to see that Bj+i is integer. 



Ci 

d-{aiCi-Bif 



Ci 

^ d-Bf- afCf + 2aiCiBi 
Ci 

= ^^^-a1Ci+2aiBie-L 
Finally show that Cj+ijd — B?^^ since = Ci is an integer. 

Step 3: Check that Xi = by induction. True for i = 0, a;o = For 
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Xi+1, 



Xi+1 



1 

Xj, Cli 

1 

Bj+Vd 

C, 



C, 



Vd - (aiCi - Bi) 
Vd + Bi+i 



Step 4: Need to bound -Bi,Cj. Let Ui = ^'q^^ be x^. We have x = xq = 
a"g"Ii+g"l2 where {^} are convergents to x. If we replace \/d by — we get 
^'^t = £t^7fe -"solve for t/„ 

_ -(gn-2yo -Pna) 
2/n — 

gn-l2/0 -Pn-1 

Now let n — >■ oo, we get — ( yo-^o )' sufficiently large n the expression 
for Un is negative. 

Given y„ = ^'^f^ , a;„ - y„ is positive, a;„ - = ^ > 0, then C„ > for 
large enough n. Then 1 < C„ < C„C„+i = d — i3,^j+i < d, so C„ is bounded for 
large n (hence for all n). Also, -B^+i < -B^+i + CnCn+i = d, so |-Bn+i| < Vd for 
large enough n, and so B„ is also bounded. 

Step 5: There are only finitely many possibilities for (B„, C„), so there must be 
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two natural numbers n and n + k such that (B„, C„) 

Bn + Vd 



{Bn+k,Cn+k)- Then 



■ ^n+k 
lXn\ 
lXn+k\ 

O-n+k 



n+1 



Br, 



Cn+1 



■ Bn+k+l 
d - B^+i 



d- 



-"n+fe+1 



Cn+fe 
= Cn+fe+i 

So (B„+i,C„+i) = {Bn+k+i, Cn+k+i), and so on, and so the representation 
xo = X = [ao, ■ . . a„_i,a„,a„+i, . . .a„+fc_i] is periodic. 

Next, we want to understand what the continued fraction for ^/d looks like 
for d > not a square. One reason is to solve the Pell-Brahmagupta Equation, 
which is the diophantine equation x^ — dy^ = 1 for a;, y € Z. If (x, y) is a positive 
solution to the P-B equation, then {x + \/dy){x — \/dy) = 1, so since x > \/dy, 

1 



X — Vdy 

Vd-- 



Vdy\ 
1 



< 



y(x + Vdy) y{2Vdy) 



^ is an approximation to Vd, which is at least as good as ^^^^ . If some | 

approximates irrational a with error < ^ then it must be a convergent to a 
[proved in PSet 9], so all solutions to P-B equation must come from convergents 



Theorem 71. Let xbe a quadratic irrational, and x be its conjugate (ie., ifx= 

with a, b,c,d G Z, then x = ""^'^ j. The continued fraction ofx is purely periodic (ie., 
[ao, ai, . . . o„_i]) if and only ifx > 1 and —l<x<0. 

Proof- Part 1. First suppose x > 1 and —l<x<0. We know that continued 
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fraction for x will repeat at some point, ie., there's an n-digit block that repeats 
and a "start point" m such that 

X = [ao 

Want to show that we can take m = 0. We'll do this by downward induction - 
ie., by "advancing" m. We'll show that am-i = Om-i+n- 

We know that > 1 for all i. So rewrite Xi+i = -zr^— as — = Xi — Ui. Take 
conjugate 

1 __ 

^^^^ — 3yi di 

Now by induction, we'll show that — 1 < 5^ < 0. For i = this is by hypothesis. 
If we know for i then xl — ai < —1, since x7 < and aj > 1, and so ^= < — 1 
which forces — 1 < xl^ < 0, which completes the induction. 

Then, since 

1 _ , , 
-ai = -Xi e (0, 1) 

Xi+l 

we have — e (a^, + 1) and I — I = a,. Now we know that Um+k = 
am+fe+„ for all A; > 0. 



SO iCjTi — XfYi-^ji, 
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1 



-*m+n— 1 



therefore we can take m = 0, and so a; is purely periodic. □ 

Proof. Suppose x is purely periodic, x = [oq, oi, . . . On-i]- Want to show that 

X > 1 and -1 < X < 0. For any x, oo = a„ > 1 ^ a; > 1. So let's assume that 
n > 4 (can always take larger blocks if not). Now 

r 1 Pn-lX+Pn-2 

X = [ao,ai, . ..an-i,x\ = 

qn-ix + q„-2 

=> q„-lX^ + {qn-2 - Pn-l)x - Pn-2 = = f (x) 

X is the other root. We know that a; > 1, so it's enough to show that f{x) has a 
root between —1 and 0. Do this by showing that /(O) and /(—I) have opposite 
signs. 

/(O) = -p„_2 < 
/(-I) = qn-l - qn-2+Pn-l - Pn-2 

= {an-1 - l)9n-2 + qn-3 + {cin-l - '^)Pn-2 + Pn-3 > 
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